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ABSTRACT: We show how the duality invariant approach to M-theory formulated by 
Berman and Perry relates to the double field theory proposed by Hull and Zwiebach. 
In doing so we provide suggestions as to how Ramond fields can be incorporated into 
the double field theory. We find that the standard dimensional reduction procedure has 
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Klein ansatz encode the Ramond potentials. We identify the internal gauge index of these 
gauge fields with a spinorial index of 0(d, d). 
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1 Introduction 

The low energy limit of M-theory is eleven-dimensional supergravity, which upon dimen- 
sional reduction on a circle yields type IIA ten-dimensional supergravity (which is in turn 
the low energy limit of the type IIA superstring) [1]. Reduction of the eleven-dimension 
supergravity theory [2] on higher tori result in lower dimensional supergravity theories 
which possess an extremely rich structure of hidden-symmetries [3]. For instance, the 
result of reduction on a T 4 is a seven-dimensional theory with an SL(5) symmetry, for a 
T 5 reduction the duality group is SO (5, 5) and proceeding further one finds hidden sym- 
metries classified by the exceptional Lie-algebras (and eventually their affine extensions). 
Devolping a complete understanding of such hidden symmetries and indeed the extent 
to which these symmetries play an underlying role of the full uncompactified theory has 
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long been a topic of study [4, 5]. For many years it has been suggested that these sym- 
metries might be made more manifest by the inclusion of extra dimensions (above the 
eleven) to account for the central charges of the supersymmetry algebra, see for instance 
[6]. 

Some progress in this direction has been made recently [7-9]. In [8] a canonical quanti- 
sation approach along the lines of [10, 11] was used to show that the uncompactified theory 
can be recast in a way that makes the hidden symmetry group manifest. To be more pre- 
cise this is achieved for a theory of gravity together with a three-form potential defined in 
d = 1 + 4 dimensions replicating the bosonic sector of eleven-dimensional supergravity. 
Drawing inspiration from the structures seen in generalised geometry [12-15], the Hamil- 
tonian of this theory was rewritten in such away that the SL(5) hidden symmetry group is 
made manifest. To achieve this the four spatial coordinates were augmented with an addi- 
tional six extra coordinates (which can be though of as being due to membrane charges). 
This result was later extended to make the SO(5, 5) symmetry of the d = 1 + 5 dimen- 
sional version manifest [9]; in this case an additional eleven spatial coordinates need to be 
included (which arise from the ten membrane charges and a single five-brane charge). 

In parallel to this has been the recent renewed interest and development of a duality 
invariant target space formulation of string theory known as double field theory (DFT) 
[16] building on important preceding works by Tseytlin [17] and Siegel [18, 19]. In this 
approach a particular truncation of bosonic closed string field theory on a torus T n was 
shown to give rise to an background independent effective action exhibiting manifest T- 
duality invariance. This effective action has double the usual number of coordinates i.e. 
the n regular coordinates x are supplemented by their T-dual partners x (which can be 
though of as arising from string winding modes) and the fields can depend on both x and 
x. 

An alternative approach is based on a proposal made in 2003, [20], to consider the 
non-linear realisation of E\\ and its first fundamental representation. This introduced an 
extension of space-time to include extra coordinates in one-to-one correspondence with 
brane charges and a generalised veilbein [20-24]. In [25], West constructed this non-linear 
realisation and, at level zero from the IIA point of view, the dynamics contained the NS 
fields and agreed with that of the double field theory. This work was extended to level 
one and the RR sector of IIA supergravity in [26]. 

A precursor to DFT is the development of a world sheet duality invariant theory 
which exhibits many of the structures found in the double field theory - a selection of 
relevant work on this can be found in [17, 29-32], (see [33] for a review and further refer- 
ences). Recently, it has been shown how, at least in a certain simplified scenario, the DFT 
equations of motion which take the form of the vanishing of some generalised Ricci tensor 
arise directly as constraints of conformal invariance in these world sheet approaches [34]. 

In this paper we examine how the duality invariant M-theory can be related directly 
to double field theory via dimensional reduction. Of course, that each is equivalent to 
its standard formulation means there surely is a some relation however it is by no means 
evident exactly how the mechanics of this should work. A further reason for this work, 
and indeed the original motivation, is to provide further perspective on the inclusion of 
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Ramond-Ramond p-forms into DFT. The fact that the M-theory treats fields that descend 
to the RR sector democratically with those that descend to NS fields underlies this think- 
ing. Certainly the limitations of current string field theory technology render a direct 
approach to this problem unviable. 

For the reader's convenience we now give a short summary of the key results within. 
Firstly in the would-be NS sector we shall see how the standard KK ansatz (together 
with appropriate Weyl rescaling) for the M-theory fields naturally gives rise to a doubled 
Kaluza-Klein ansatz in the doubled geometry. The external metric of this ansatz is simply 
the 0(d,d) generalised metric T-L of the DFT. Unlike the standard dimensional reduction 
the internal metric Q of the doubled KK ansatz still depends on the geometric data (the IIA 
metric h and two-form b) however in a different representation; the internal metric acts on 
spinors of 0(d, d). Restricting our attention to the NS sector we find that the dimensional 
reduction gives rise to the Lagrangian of DFT. This is only possible through some rather 
non trivial cancelations and relationships between Q and TL. 

Secondly when we include the RR sector we find that in the doubled geometry the 
RR fields elegantly assemble themselves into a single KK 'gauge' field of the Doubled KK 
ansatz. These gauge fields carry a 0(d, d) vector index and an internal Spin(d, d) spinorial 
index. Their kinetic terms are relatively simple and suggestive of potential generalisation. 
The coupling of the gauge field spinorial indices to the NS sector is by means of the spino- 
rial representation of the generalised metric Q. 

The idea that spinorial representations of 0(d,d) are relevant to RR fields has some 
precedent in the literature. For instance using non-linear realisations of exceptional sym- 
metry algebra [20, 25, 26] it is shown that RR fields can be packaged as spinors of 0(d, d) 
and for the case of 0(9, 9) in [27]. This idea can also be seen in [28] wherein the RR fields 
couple to the NS sector by means of the same spinorial representation of the generalised 
metric Q. 

There are several subtleties that require careful consideration and mean that the rela- 
tionship between the doubled M-theory and DFT is less evident than one might immedi- 
ately assume. A principal complication is that time is treated quite differently in the two 
approaches; in the M-theory time is singled out and treated distinctly from spatial coor- 
dinates which are doubled whereas the DFT not only maintains covariance but actually 
doubles the time direction implicitly. A further complication arises because we are not 
actually working with eleven-dimensional supergravity but rather a lower dimensional 
cousin. Since the dilaton (p produced by KK scalar in the dimensional reduction is sensi- 
tive to this dimensionality we find that one can reproduce DFT only up to an additional 
quadratic dilaton term (nonetheless the terms involving the DFT doubled dilaton d do 
come out correctly). 

The structure of the remainder of this paper is as follows: In the next section we 
review the standard dimensional reduction procedure paying careful attention to how 
dimensionality alters things. In section 3, we turn our attention to the SL(5) invariant 
M-theory. We will first briefly review the construction of [8] and then consider its dimen- 
sional reduction. After comparing the NS sector to that of DFT we turn to the RR sector. 
In section 4 we repeat this analysis for the richer case of the SO (5, 5) invariant M-theory. 
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We close in section 5 with a short discussion. 



A brief note on notation: Hatted indicies correspond to M-theory indices and unhatted to string 
theory. Uppercase indices correspond to doubled/generalised indices and lowercase to the standard 
formulation. 



2 Dimensional reduction away from criticality 

Although the relation between eleven-dimensional supergravity and type IIA supergrav- 
ity in ten dimensions is well known [1] in this paper we shall need to work away from 
criticality and so revisit the dimensional reduction procedure for arbitrary dimension. 
As we shall see, the dilaton normalisation and kinetic term are dimensionally sensitive, 
something which will impact the discussion later. 
We start in n + 1 dimensions with the action 



[ d n+1 xVG (r[G] - ^-F ni n^F M ^) , (2.1) 

K (n+\) J \ 4» J 

and we dimensionally reduce on an S 1 labelled by coordinate z with the ansatz 



s (n+l) 



Gmn — ^ ^27 J ' ^>i z — ' (2-2) 

to find 

S («) = J_ J d n x^ U\g] - 2(d<y) 2 - 2V 2 7 - ^H ljk W k e 2 A . (2.3) 

K {n) ^ / 

In order that all the terms exhibit homogeneous scaling we perform a Weyl rescaling g« = 
e~^gij. Making use of the identities (B.4) the action is then given by 



S in) W d" Xy /ge( 2 - L ih ( R [ g ] + L - 4 - \{n - l)(n - 2)) (9 7 ) 2 + (n - 3) V 2 7 - ^% 

(n) ^ ^ ' 

(2.4) 

At this stage we may integrate by parts to find 

S («) = ^- / d n x^ge( 2 -?h f R [ g ] + I {n - 6 )(n - 1)3,-79*7 - ^% H ' 7 ' C ) ■ ( 2 - 5 ) 

K (n) V / 

We now perform a field redefinition to identify the dilaton with the KK scalar according 
to 

e( 2 -ih = e - 2 <t>, (2.6) 

so that the action takes its final form 

S(n) = -5- J ^VS^ (%] + N[«R<p> - ^H ljk H l A , (2.7) 

K {n) ^ ' 



with the coefficient 

N[n] = (n - 6) (n-1) (2- |) ~ 2 . (2.8) 

Of interest in this paper are the cases n = 10 corresponding to actual eleven-dimensional 
supergravity, n = 4 corresponding to the SL(5) duality invariant theory of [8] and n = 5 
corresponding to the 0(5,5) duality invariant theory in [9]. 

For the n = 10 case we recover the standard famous relation that 

n = 10 =^ 7 = ~<p (2.9) 

and the normalisation N[10] = 4 is such that the dimensionally reduced (2.7) action cor- 
responds to the bosonic NS sector of Type II supergravity. For the case n = 5 we have a 
different relation 

n = 5 => 7 = 4<p (2.10) 

and a normalisation of N[5] = —16. Finally for the case of n = 4 we encounter some 
pathology; the prefactor in (2.5) vanishes automatically and N[4] correspondingly di- 
verges. Whilst the action (2.5) is still perfectly valid the field redefinition no longer makes 
sense and if we insist on having an action of the form (2.7) we must enforce: 

n = 4=>7 = </> = 0. (2.11) 

One can see that whilst the metric and two-form sectors of the theory are dimensionally 
insensitive, the dimensional reduction the dilaton sector must be treated with some care 
when working away from criticality. Furthermore, since in arbitrary dimensions the DFT 
is equivalent to (2.7) with the coefficient fixed to be N[n] =4 regardless of dimension 
one sees that there will necessarily be a discrepancy between the dimensionally reduced 
double M-theory and DFT. 

3 From SL(5) invariant M-theory to 0(3, 3) DFT 
3.1 Duality invariant M-theory 

The approach of Berman and Perry begins with the action 1 

s (»+i) = J jn+ix^c (r[G] - ^mp^A ■ (3.1) 

In the canonical treatment one performs a time slicing ( making the assumption that space- 
time can be foliated by equal time sufaces). The canonical variables of the metric are spec- 
ified by the lapse function a, shift vector j8* and the positive definite spatial metric G« and 

their conjugate momenta 7r a , n 1 ^ and n l l respectively . The three form with all legs spatial 

1 Since we shall not be working in eleven dimensions here, there is no Chern Simons term. In fact, it turns 
out that a Chern-Simons piece may be included by making a canonical transformation and the form of the 
Hamiltonian is essential unaltered. 



-5- 



gives rise to canonical variables Cp with conjugate momenta and with one temporal 

leg a further set of canonical variables C^-j = B« with momenta 7Tg . The dynamics is that 
of a constrained system; there are a number of first class constraints that allow the gauge 
fixing choice of synchronous gauge, i.e. a, ft and = are set to zero. The complete 
Hamiltonian, given by the integral of the Hamiltonian constrain, weakly vanishes and is 
given by 

H=f d-rfH (V J n, - ^/r 2 + Stt^ - G (r[G] - ^%F^ ) , (3.2) 

in which R[G] is the Ricci scalar of the spatial metric and F is the spatial exterior derivative 
of C. As ever, the time evolution of fields are given by their Poisson bracket with the 
Hamiltonian. 

The first indications of some novel unexpected structure comes on studying the con- 
straint algebra. Alongside the Hamiltonian constraint there is a diffeomorphism con- 
straint Xl an d a gauge constraint tfl . The first surprise is that the action the diffeomor- 
phism on the three-form is not simply the Lie derivative but rather a combination of Lie 
derivative and gauge transformation. A second surprise is that the algebra of diffeomor- 
phisms does not close simply only onto diffeomorphisms but rather up to a strange field 
dependent term involving the field strength and gauge constraint: 

{Xt(x),Xf(x')}p.B. = (xtPf) + ^fWZX kt ) S ( x ' x ') ■ ( 3 - 3 ) 

The jumping-off point, and a key insight in [8], is that the rather exotic constraint 
algebra can be naturally recast in the language of genralised geometry. By considering 
the formal sum of vector fields X and (in this case) two-forms £ one enlarges tangent 
space to TM © A 2 T*M which may be equiped with the structure of a Lie-algebroid by 
means of the Courant bracket 

[X + %, Y + rj] c = [X, Y] + L x £ - L yV - d{i xn - i Y £) , (3.4) 

in which, as usual, L represents the Lie derivative, / is the interior product and d the 
exterior derivative. This structure can be further modified to include a twisting 

[X + I, Y + rj] T = [X + I, Y + rj\c + 4=*y'xF , (3.5) 

where F = dC . Remarkably the constraint algebra of diffeomorphisms and gauge trans- 
formations has exactly this form. This, together with the much earlier worldsheet study 
of Duff and Lu [30] suggested that one might be able to harness the power of generalised 
geometry to recast the canonical theory (3.2) in an insightful way. 

In the case at hand the generalised geometry contains ten coordinates X M (i.e. the four 
standard ones x a and six others y a g representing dual two-cycles) and their derivatives 

= (da,d ab ). The generalised metric for this this ten dimensional extended space is 
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given by 

Since the metric parametrises the symmetric coset SL(5)/ S0(5) a reformulation of (3.2) 
in terms of this object makes manifest the global SL(5) hidden symmetry of M-theory. 
The dynamics for this generalised metric are given by a Hamiltonian 

Hbp = T BP + V BP (3.7) 

with the kinetic terms 

T BP = -VG (^tr{M- l M) + ^(M^M)) 2 ) (3.8) 

and a potential 

v BP = v x + v 2 + y 3 + y 4 (3.9) 



v/delG 
with 

Vl = ^M^(d^M U )(d A M kt ) , V 2 = -l M m (d^M n )(d L M m ) , (3.10) 

V 3 = 1m M (M%M m )(M^ A .) , F 4 = \M m M p Q{M tl d p M lL )^uM m ) • 

Upon unpacking this expression rather carefully and invoking the 'section condition' that 
d ab = one can show that this Hamiltonian is equivalent (upto surface terms) with the 
original one in (3.2). Whereas the canonical Hamiltonian (3.2) has a clear geometric un- 
derstanding (the potential contains a Ricci Scalar) it is, at present, unclear how best to 
interpret this potential - it is certainly not the standard notion of Ricci tensor. In this 
derivation no isometry properties or compactness properties were needed - the symme- 
try is intrinsic to the uncompactified theory. 

3.2 The doubled Kaluza-Klein ansatz 

Now let us consider how the dimensional reduction of section 2 might be applied to the 
generalised M-theory. We recall the KK ansatz for an S\ reduction of the d = 1 + 4 M- 
theory. For the metric we employ 

/ e-"fh mn + e^A m A n A m e^ \ 

and for the three-form 2 

Cmnz = ^mn i ^~ntnp = ^-mnp ~\~ A m b n p + A n bp m + Apb mn . (3.12) 



2 This definition of the three form serves to simplify many of the expressions that follow. 
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Of course, following the discussion in section 2, when we ultimately compare to the DFT 
we will need to set 7 to zero however it is rather illuminating not to do so just yet. Note 
that here we are performing the Weyl rescaling and dimensional reduction in one step for 
reasons which will become immediately apparent. 

The first thing is to understand how the KK ansatz (3.11) works on the generalised 
metric (3.6). After some tedious manipulation 3 one can ascertain that the component ex- 
pressions: 

• For the 4 x 4 top left block of (3.6) : 

M mn = e-T(h - bh- 1 !*)™ + \^ (2A m A n A + K mpq K n ™ + A n K m + A m K n ) , 
M zz = e^K , M zn = ^ (a h A + IjCj , (3.13) 

in which A = (1 + \b mn b mn ) and K n = K npq bW. 

• For the 4x6 off-diagonal blocks: 

M z zn = — X —e^A m b m n , M z mn = -L e 2 Tfc m " , 

M m Z " = --Le-^bh- 1 )^ _ l^ e 2^ AmA P bp n +Kmp n AP) f 

M m "P = (K m "P + A m b n n . (3.14) 

• For the 6x6 bottom right block: 

2 V 

M zn,zl = L-7h"l + I e 2 7 (^ A 2 h nl _ A l A n^ > 

M zn,kl = 1 2 7 ( A l h kn _ A k h ln\ _ (315) 



Already one can see a certain structure emerge - the terms are naturally split into two 
sorts: those scaling with e~ 7 and those scaling as e +27 . The terms that scale with 
(highlighted in bold in the above) do not depend on the Ramond fields and appear in the 
combinations found in the 0(d,d) coset metric of the DFT. 

Now we wish to split the 4 + 6 dimensional space to a 3 + 3 dimensional space. We 
must therefore identify the correct internal space. For the x a coordinates it is obvious that 
x a = (x a ,z) and we should impose = 0. For the t/«g = (y za ,y a b) it is l ess clear which 
of these two sets of three should be considered the internal coordinate. The form of M m zn 
tells us that x„ = y zn are the three coordinates that we should keep after reduction and 

3 For some of the more onerous manipulations we found the symbolic algebra system Cadabra [40, 41] to 
be a helpful tool to verify calculations. 
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that y mn are internal and we should impose = 0. Hence the coordinates that survive 



the dimensional reduction are given by X 



M 



(x , X m j 



The M-theory "section condition" of Berman Perry that ^7 = reduces to saying 
that the reduced fields do not depend on the x coordinates - this is exactly in accord with 
the "strong constraint" of Double Field Theory 4 



In line with the above discussion it suits us to reorder coordinates such that X M = 
[x a , x a ,z,y a \,) i.e. we shuffle components of the M-theory generalised metric about in the 
following way: 



/ M 



M 



MN 



MN 



A 



M 



nrs 
°M 



M zz M/ s 



(3.16) 



\ B f 

where the top left block now represents the reduced generalised metric in 'external' di- 
rections and the bottom right represents the 'internal' metric. For the reduced generalised 
metric we thus collect the terms to find 



M 



MN 



h-bh^b ^bh- 1 



(3.17) 



,+27 



A n A m A + \K^ in + jA m K n + ^A n K m —-^(A m APbp n + K m p n AP) 
--^{A n AVb p m + K np m A?) i (A 2 h n < - A 1 A") 



and 

Am = *' 
We also define 



.2? 



A n A + \K n 
"75 



A=A m b m n 



tors 



e 2 7 (j= 2 (K m rs + A m V s ) 
\ \ (A s h nn - A r h sm ) 



B 



M 



B rs h 



e 27 f vi y Km 

V ~(A-b) 



A m b 2 ) 



(3.18) 



(3.19) 



The goal now is to try and express the second piece of (3.17) in terms of these 'gauge' 
fields. Using that 



A 



M 



V2 



B 



M 



,,27 



we find 

Mmn 



MN 



e -^[A M --j=B M 



A 



N ■ 



A m 




-j=B N ) +e-^B M B Mrs . 



(3.20) 



(3.21) 



4 A complete understanding of the possible general section conditions for the M-theory is somewhat lack- 
ing at the moment. It would of course be nice to make a link between such a general section condition and 
the general strong constraint rather than just this one particular solution of it as we have here. 
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where T-Lmn is the usual 0(3,3) coset metric 5 : 



(h-bh~ l b =hbh- l \ 

This structure is somewhat replicates what one finds in a standard KK reduction. This 
can be made more explicit if we introduce Greek indices to denote the internal coordinates 
i.e. X M = (X M , X«) = (X M ,z,y a t,) and define the metric on the internal space 

G =e -2,(M zz M/*\ = ( A ^ \ 

y «P yM^ z M^' rs ) \{Wli s * -h r W s ) J V ' ' 



with inverse 6 given by 



1 



- Lfo l(h h -h*h +b b )) ' ^ 3 ' 24 ^ 

V \fl 2 \ P r S( ? n rq n ps \ u pq u rs ) J 

Defining the 'gauge field' to be 

Cu* = e- ll {A M ,Bu s ) , (3.25) 

finally allows us to make sense of the KK ansatz applied to the generalised metric. We 
find (3.16) may be written in the form 

To find the inverse of M is easy since the generalised metric is just of a standard KK type: 

-eTCW e-^g^ + e^C^CpP) (3-27) 

in which we have raised indices on the gauge field with either H or Q. 

To summarise, the main lesson one can draw from all this is: The standard dimensional 
reduction gets promoted to a doubled KK Reduction. 7 In other words we simply invoke a 
KK type ansatz on the generalised metric. In some sense life is simplified through the 
generalised metric since the RR fields are entirely contained in the gauge fields of this 
ansatz. An important difference however is that the metric on the internal space is not 
independent of the field content of the remaining dimensions. We shall shortly return to 



5 The peculiar factors floating around in here could have been removed by a rescaling of the dual y a ^ 
coordinates, however, we don't do this so as to keep with the conventions of [8] . 

6 See the appendix for an explanation of how to treat antisymmetric indices to establish the correct factors 
in this inverse. 

7 Apologies for the name - we hope potential confusion is avoided with a double dimensional reduction of 
a world sheet - something we don't do in these notes. 
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the interpretation of this internal metric but for the meantime we continue directly. 



3.3 The reduction 

To perform the dimensional reduction we simply need to plug (3.26) into (3.8) and (3.9) 
and enforce the vanishing of derivatives in internal directions. An instructive example of 
the sorts of manipulations involved is 

M tl d M M tl = H KL d M H K i + G^uG^ + (2S a a - <$)3 M 7 

= n KL d M n KL + g^d M g ap + id Ml . (3.28) 

Notice how in this calculation gauge fields cancel - this is something that will happen 
repeatedly in the dimensional reduction. We now need to make use of a few identities, 
which may be shown by a brute force calculation, 

U KL d M U K L = G^d M G^ = T M =-2h rs d M h rsi (3.29) 

which allow us to conclude that 

M n d M M n = 29 M7 + T M • (3.30) 

Let us get slightly ahead of ourselves and mention that the term (h~ 1 dMh) is crucial to 
the definition of the T-duality invariant dilaton and can only arise in this dimensional 
reduction through the derivatives of the internal metric Q. 
For the first term in the potential we find: 

Vx = (d M H KL d M H KL - 22d Ml d M 7 + d M G^ M G aP - 4r M 9 M 7 ) 

_I e 4 7 (G a ^n KL d M C Ka d M C Lp _ 2C K «G^d M C K fi M G &1 + C K "C K ^Pd M G aa d M G^ . 

(3.31) 

The structure of the KK ansatz ensures that a great many of the possible terms in the 
gauge fields cancel out in these contractions and we can see that the dilaton scaling is 
homogenous in the gauge field sector and metric sector respectively. In a similar fashion, 
making use of (3.28) and the identities (3.29) one eventually finds 

V 3 = \f (d u7 + \Guj , (3.32) 
V 2 = ig? [-H KL d K HQ N d N H LQ + 2d K H KN d N7 + d M7 d M 7 ) (3.33) 
+ 1/7 [g^c Ma d M C Kfi - 2C^G^C UR d M Gf, P + C M ^C N ' { G pa d M G w d N G 7 a) , 
= Af (d K n KL d L7 + d M7 d M 7 + ^V K d M H KM + h/ K d K 7 \ . (3.34) 
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The kinetic terms are evaluated in the same way and are simply given by the expres- 
sion V\ + V3 with the contracted derivatives replaced by time derivatives. 



3.4 The NS sector 



Let us first concentrate on the would-be NS sector by temporarily setting the KK gauge 
fields Cmk to zero. To proceed we note some crucial identities that allows the quadratic 
term of the internal metric to be written in terms of the external metric: 

d M H KL d M H KL = 2tr (hr l d M bh-^d M b - h- l d M hh- l d M h) , (3.35) 

and 

d M G^d M Q afi = tr {hr x d M bh- x d M h - hT x dMhhr 1 d M hj - tr{h- l d M hf (3.36) 

= \d M U KL d M U KL - \l M I M . (3.37) 

For the first terms in the potential, (3.31), we may use these identities to find 

Vi = (^d M u KL d M u KL - 229 M7 a M 7 - 4r M a M 7 - ^r M r M ) . (3.38) 

Notice how the coefficient of the W quadratic term receives contributions from both the 
internal and external metric terms - this is prototypical of what will happen in general. 

Adding all the contributions in the NS sector we find 

v BP = Vhei {^-d M n KL d M n KL - l -n KL d K n^d N n L( ^ 

+ ^h e i (_|a M7 - ir M 9 M 7 + ^r M r M + \d M n MN (a N7 - ^r N ) \ (3.39) 



in which the overall prefactor received a contribution e~ 2 from the determinant in addi- 
tion to the factor found in (3.38). One might hope that some linear combination of 3^7 
and Vm could be defined so as to completely simplify the terms in the second line however 
that proves not to be possible. 

The kinetic terms are found to be 

Tbp = -Vhe-i Qfr(#"i#) - ^j 2 + ir?) , (3.40) 

in which Y t = -2tr(hr x h). 
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3.5 Comparison to DFT 



The Lagrangian for DFT is given by 

s DFT = J dxdxe- 2d (^n MN d M n KL d N n K L - \u MN d M u KL d L UKN - 2d M dd N -H MN + m MN d M dd N d 

(3.41) 

The duality invariant DFT dilaton is related to the usual dilaton according to 



e- M = yJ\g\e-** . (3.42) 

In DFT (4.28) all coordinates are doubled (including time) and whereas in the preceding 
M-theory treatment not only was time not doubled but covariance was broken (by choos- 
ing synchronous gauge) and time treated separately. 8 The first thing we do is to mirror 
this by separating the potential and kinetic terms from (4.28) choosing the off-diagonal 
pieces %ti = Hm = Hf t = and by setting J= = 0. Using Tin = "H^ we find that 

T DFT = e - 2d Q-H"-H MN -H MN - ^H u H tt ~ 2dU n + AcP-H"^ , (3.43) 
V DFT = e 2d ^-TL MN dMl-L KL d N l-L KL — 2^ MN ^m^ KI 9l^kn 

-2d M dd N U MN + m MN d M dd N d + ^H^dMU^Ut^j . (3.44) 

Now we must understand what the correct choice is for T-L tt = g tt in order to make 
contact with the M-theory reduction. This is slightly subtle, when reducing from eleven to 
ten dimensions as in section 2 of this paper one performs a Weyl rescaling in all directions, 
including time. However, in the Berman-Perry approach, the time component of the M- 
theory metric Gtt had been gauge fixed to unity. Thus to make contact with the preceding 
calculations we must constrain the time component of the string theory metric gtt to obey 

- 1 = G tt = e-Tgu gtt = Htt = , (3.45) 

and the double dilaton to obey 



c 



-2d 



Vhe- 2 f + i . (3.46) 



Let us compare the dilaton prefactors arising in the reduced potential with that in 
the DFT. We shall do this in more generality than the case at hand by including an arbi- 
trary number of dimensions. Consider the M-theory defined with n spatial dimensions 
so that the corresponding dimensional reduction has n — 1 spatial dimensions. Under the 
standard KK ansatz, (3.11), the determinant of the M-theory spatial metric is given by 

8 To avoid introducing an extra alphabet we have abused notation in (4.28) such that capital Roman indices 
run over both doubled spatial (x' and x,) and doubled temporal coordinates (t and t). Everywhere else the 
capital Roman indices run over doubled spatial coordinates only. 
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det G = e^ 3 ") 7 det h. Thus the reduced M-theory potential is schematically given by 

V BP « y/GM^dtiM^dfiMzi + ■ ■ ■ « e^"^ Vhem MN d M n KL d N n KL + ■■■ (3.47) 

where the extra factor of e 7 comes from the contraction of indices with M _1 (for n = 4 we 
thus have an overall prefactor ez as in eqn. (3.39) ). To match this to the prefactor in the 
DFT potential, (3.44), we must have 

e (3-n)i e 7^ = ^/h e - 2 f + i (3.48) 

thus 

(2-^)7 =-20, (3.49) 

which correctly reproduces the relation between KK scalar and dilaton field found in (2.6). 
In comparing the prefactors of the kinetic terms one arrives at the same conclusion. 

Therefore, as anticipated in section 2, although the dimensionally reduced theory is 
perfectly valid in its own right, in order for it to be compared with DFT we should set the 
standard dilaton <p and 7 both to zero. This does not imply that the doubled dilaton is 
zero; instead we have d = — \ lndet/2 and for its derivatives 

d M d = -Urih-'dM) = 8T M . (3.50) 

With this it is immediately clear that the dimensional reduction agrees with the DFT. 

One might perhaps be able to alter the formulation of the DFT to match excatly with 
the dimensionally reduced M-theory however there seems relatively little to be gained in 
doing so since we know the DFT is equivalent to string theory. Instead, a more useful en- 
terprise is surely to develop a completed duality invariant M-theory in 1 + 10 dimensions. 



3.6 The RR sector 

Let us now turn to the gauge fields. Combing the contributions to the potential yields: 



e -4 7 



+lc Ka g^PH KL d M c Ly d M gp p + 1 g'WCu d L c Kji 
-c Ka g^g^c^d L g Pp + ^c Ka c Lfi G^g^g pa d K G FP d L G 7a 

(3.51) 

This can be simplified by defining a new derivative 

DmCkk = ^mC-kcc — CK^{G^ a d M Gaix) , (3.52) 
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to yield 



e 



-47 



— V C = —g^DMCKaDnCLp (H MN H KL - 3H MK H NL ) (3.53) 

The relative factor between the two pieces means that this combination is not a standard 
field-strength-squared contraction. Whilst this result is relatively simple, the field Cmk 
defined according to (3.25) is rather difficult to interpret; it contains various contractions 
of the RR potentials together with the metric and NS two-form. This can be remedied by 
noticing that upon raising an internal index on the gauge field we have 

in which l" s m = \ (S?Sf — S™S") is the appropriate identity operator for antisymmetric 
indices (see appendix). In this form we see that the NS dependence has dropped out 
entirely. Furthermore, the derivative introduce above is no more than 

DmCkk = Gcc^mCk (3.55) 
and the RR sector of the dimensionally reduced theory is very simply given by 

e -^v c = -lg Kfi d M c a K d N cl (n MN n KL - 3u MK u NL ) . (3.56) 

V G 6 V / 

Upon enforcing that J= = and expanding out the above expression one indeed recovers 
exactly the correct contributions to the two-form and four-form RR field strengths found 
in IIA supergravity. The calculation is a little laborious but straightforward and again 
relies on a delicate interplay between the internal metric Q a p and the metric Tiij. 9 



3.6.1 Interpreting the internal metric and the KK gauge fields 

At this stage we consider further what is the meaning of the internal index structure on 
these gauge fields. In a standard KK reduction the internal metric does not have any re- 
lation to the external metric. The isometries of the internal metric translate to the gauge 
symmetries of the gauge field. However the situation is quite different here; the internal 
metric depends on the same functions (i.e. the components of the real metric h and NS 
two-form b) as the external metric 7i but in a different representation of the 0(d, d) sym- 
metry group. How then should we really interpret the internal metric? A key observation 
is the isomorphism Spin(3, 3) = S/(4,R). It is thus natural to consider the internal metric 
(which we recall acts in a four-dimensional space) as a spinorial counter part to the ex- 
ternal metric 7i. Since T-L describes an 0(3,3)/0(3) x 0(3) coset, one might expect that 
the internal metric defines a S/(4, R) / SO (4) coset space. This is not quite accurate; the in- 

To compare with certain texts it is important to keep in mind our definition of A< 3 > = - A b 
hence the modified field strength f( 4) = dA< 3 ' - A H = dK^ - dA^ A b. It is for this reason that 
contractions in (3.56) carry no derivatives of the two-form b. 
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ternal metric is not unimodular but instead has a determinant equal to det(?z)~ 2 . 10 To see 
this more explicitly the first thing to do is to remove the rather awkward antisymmetric 
indices on the internal coordinates. This is achieved by defining z = z° and y,-y = -^Vijk zk 
where rjiji is a permutation symbol (taking values 0, ±1) . Then the internal line-element 

d*L = G^dfdy^ = (1 + ^b pq b^)dz°dz + -^=b™dzdy vq + X -(W r W s - W s W r )dy vq dy rs , 

(3.57) 

becomes 

dsf ni = (1 + p k p k )dz°dz° + 2fi k deth~ 1/2 dzdz k + deth^dtfdy' , (3.58) 

in which we have defined 2/3, = Wem (e being the Levi-Civita antisymmetric tensor). 

We remark that the SL(4) / SO(4) coset has appeared previously in the literature; the 
reduction of five-dimensional dilaton-axion gravity on a T 2 can be formulated with such 
a coset [38] as can the KK reduction of six-dimensional pure gravity on a T 3 [39]. 

With this in mind it now seems a possible interpretation of the KK guage fields C a A 
is that they are bosonic spin 3/2 fields of the double field theory As is the case with the 
encoding of the NS sector fields in %, these C\ are not free but are constrained by the form 
of (3.54). Should this result hold true in general, one consequence of this is that the forms 
of both the field C and the spinorial metric Q will vary according to the dimensionality; 
this is in contrast to W which takes the form regardless of dimension. We do not rule 
out the possibility that there may be an alternative, and more universal, formulation that 
makes use of W alone but this certainly seems rather unnatural given perspective gained 
from the preceding M-theory considerations . 



4 From 0(5, 5) covariant M-theory to 0(4, 4) DFT 

We now turn to the next dimension up in which we start with a supergravity theory with 
five spatial dimensions. In this case, through the introduction of eleven extra coordinates 
it is possible to recast the theory in a way that displays manifest SO(5, 5) invariance [9]. 
Note that the coordinates describe a sixteen of SO (5, 5) and not the vector of this group 
(as would be the case in the DFT). Due to this the form of the generalised metric is rather 
more involved. The sixteen coordinates are now X M = {X^,Y»t, U} and the generalised 
metric is given by 



(4.1) 



10 This result seems to mirror a subtlety concerning spinors in generalised geometry: the spin bundle is 
actually S = A*T* ® det(T) i and the action of Gl(d) on spinors is modified. 
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in which 



V 



ab 



abcder^ y 



yde c 



dea 



G = det G , 



where the epsilons are tensors (not densities) defined according to 

1 



Jibcde 



abode 



(4.2) 



(4.3) 



where tj is an alternating permutation symbol taking values { — 1, 0, 1}. The inverse metric 
is given by 



tib 



1 

m ™ 



v G v5 
4 A 



V 



J_ r fc 

\/Gyi vG t/. „ 
4 ^2 m " 



vG w. . _ vG r... va 



(4.4) 



The structure of the Hamiltonian in this case is the same as in the SL(5) case in 
(3.8),(3.9) but with different coefficients for each term; the kinetic terms are 



BP 



C, ( IfrCM- 1 ^) + A( fr(M -iM)) 2 



and the potential is given as 



v/delG 



BP 



v 1 + v 2 + v 3 + y 4 



with 



(4.5) 



(4.6) 



V 2 
V 3 



M MN (d^)(d L M m ) r 



,KL\ 



M MN (M dfaMfci)(M Kb dfiMfc§) , 



RS: 



128 



V, = lM m M p ^(M R %M kt )(d^M m ) . 



(4.7) 
(4.8) 
(4.9) 
(4.10) 



At first glance the coefficients in these expressions seem rather strange, and it is certainly 
not obvious how they should relate to the coefficients found in the DFT However, we 
shall see that they are, of course, exactly what is needed to ensure delicate cancelations 
occur. 



4.1 KK ansatz in the NS sector 

Now we make the split of the sixteen into the eight internal coordinates as X a = { U, z, Y a i,} 
and the external coordinates as X 1 = {X a , Y za \. First let us just consider the would-be NS 
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sector i.e. we have 

Gab = e~ 7 h ab , G zz = e 27 , C abz = b ah , (4.11) 
and all other components zero. Also we define the lower-dimensional epsilon tensor as 

1 



abed _ y abed 

noting that the relationship between the five- and four-dimensional tensors is 

1 1 

abedz _ abedz 7 L ..abed -7 abed 



(4.12) 



(4.13) 



Under this decomposition we have 



v za = Q/ yab = ^ e7£ abed bcdr Xz = ^ e ahcd b ab b cd , X a = , detG = e~ 2j det/z. 

(4.14) 

The generalised metric then splits according to 



e-VHi] 

e 2 -yg a p 



where Hjj is the 0(4,4) generalised metric and the internal metric is given by 



/ h- 



QccP, = 



—0 



1 oab 



2V2h 



\ 



with inverse 



g*fi = 



\ ~02^cd + 3©M ~-j2 h cd Kb,ed + \KbKd ) 



(4.15) 



(4.16) 



(4.17) 



in which = e ahcd b ab b cd and fi ah = e ahcd b cd . 

In this case we have the following identities for the derivatives of the internal metric: 



tr(Gdg- v ) = 4tr(fc _1 a/i) , 
tridQdg- 1 ) = -2{tr(hr l dh)) 2 + tr(dUdU- 1 ) . 



(4.18) 
(4.19) 



These allow us to determine that 



tr(M~ l dM) = (2tr(G- 1 G)-tr(n- 1 n))d 1 + tr(g- 1 dG) 
= 32d(p + 163d 



(4.20) 
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and 

tr{dM^dM) = trdH^&H + trdQ^dQ - {tr{U~ x 'H) + ^{g^g^djdj - ^tr{g- x dg) 
= ItrdU^dU - (2 • 4 • 4)dddd - (40 • \6)d<pd<p - (4 • 16 • A)dcpdd , (4.21) 

in which we have defined (for reasons that will become apparent upon comparing to the 
DFT) 

dd = --trQi^dh) (4.22) 

and used the relation between the KK scalar and string theory dilaton in this dimension, 
7 = 4(p. 

Now we substitute this ansatz into the potential to find 



Vi + V 3 = e ^H MN \^d M n KL d N HKL + ±d M dd N d + 8d M <pd N d - 8d M <pd N (pJ (4.23) 

v 2 = (8u MN d M <pdN<p + ^ K n KL d L( p - \n MN d„n KL d L n M ^j (4.24) 

V 4 = -e^ Ud M <pd N n MN + 2d M dd N H MN + 16d M <pd M (p + 8d M cpd M d) (4.25) 



in which we have eliminated the derivatives of the internal metric according to the identi- 
ties (4.18) and (4.19). Combining terms, and including the y/G pre-factor we find the final 
result for the potential 

V BP = Vh (^d M U KL d M U K L + 4d M dd M d - ^H MN d N H KL d L H M K - 2d M dd N Ji MN - !6d M (pd M( p 

(4.26) 

Note that the overall factor of the dilaton has cancelled from the y/G pre-factor and the 
e 4< P that comes from contracting the indices in the potential with an M _1 . 

The kinetic terms follow in a similar way and can be read from V\ + V3 by simply 
replacing the spatial derivatives to temporal ones and removing the factor of 

T BP = -e-^y/h (^tr{U- x U) + 4d' 2 + 8(j)d - 8f^j (4.27) 

4.2 Comparison to DFT 

We recall the Lagrangian for DFT is given by 

Soft = J dxdxe- 2d (^-U MN d M U KL d N U KL - \u MN d M U KL d L U KN - 2d M dd N U MN + 4U MN d M dd N c 

(4.28) 

in which not only the spatial but also the temporal coordinate has been doubled. The 
duality invariant dilaton is related to the usual according to 



e~ M = J\g\e-*? (4.29) 
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To make contact with the approach of Berman-Perry we should separate out the time 
from this action. Accordingly we split the indices up as X M = {X M , t, t} and us make the 
following assumptions: 

n K > = 0, H K i = 0, U tt = -e^, n rt = -e-^, d~ t = . (4.30) 

As explained in section 3, these assumptions serve to mirror the gauge fixing choice made 
in the derivation of Berman-Perry. The consequence of the Weyl rescaling is that we must 
use: 

- 1 = G tt = e-thtt => h tt = -e? = -e^ . (4.31) 
This also has an implication for the doubled dilaton: 

e - 2d = y^e" 2 * = \g tt | * Vhe- 2 f = Vh (4.32) 

which is in accordance with the definition (4.22). 

The Lagrangian (4.28) thus splits into a kinetic piece given by 

T DFT = -e- 1A e-^ + 4tf> 2 + Sd<p + U 2 ^j (4.33) 

and potential terms 

Vdft = e 2d ^-TL MN d M 'H KL d N 'H K i — -TL MN d M 'H KL d L 'H KN — 2d M dd N T-L MN 

+4H MN d M dd N d-m MN d M <pd N( p} . (4.34) 

With the exception of the coefficients of the quadratic terms in d(p these are in agree- 
ment with the potential and kinetic terms obtained by dimensional reduction. This dis- 
crepancy is something that we anticipated from the outset due to the arguments of section 
2 and is something that is unavoidable when working away from the true critical dimen- 
sions. Nonetheless, the terms involving the doubled diltaton, d, are correctly reproduced 
and this was only possible with a careful treatment of the Weyl rescaling effects on time. 



4.3 RR Sector 

The inclusion of the RR fields is much the same as before (though the calculation is rather 
more involved); the standard KK ansatz produces a Doubled KK ansatz of the form (3.26). 
The gauge fields of this KK ansatz contain the dependance on the RR sector and although 
Cmol is a rather unwieldy expression upon raising the internal index with the metric 
the structure simplifies dramatically to give 

ca _ f TT ePklnK kinbm P - ^K mkl e kl Mb pq A m ^K mrs i 
M ~ I ^e mkln K kln \f s n A n 
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Upon dimensional reduction we find that the only terms with RR fields are again quadratic 
in derivatives and have the structure 



5 Discussion 

To summarise, aside from some dimensional dependent subtleties with the dilaton, upon 
dimensional reduction, the duality invariant approach to M-theory descends to the dual- 
ity invariant doubled field theory for the NS fields. 

In addition, due to the democratic way in which M-theory treats the would-be Ra- 
mond and NS sectors, this dimensional reduction has provided further perspective on the 
way RR fields might be incorporated into the DFT. We suggest that the RR fields should be 
encapsulated in the form of the KK gauge potentials and carry an external 0(d, d) vector 
index and internal Spin(d, d) fundamental spinor index. In this way they might naturally 
be thought of as spin 3/2 fields in the DFT. One might anticipate that this result holds 
in general for all 0(d,d) groups. For the next dimension up, the theory with 6 spatial 
directions, we already encounter some discrepancy. In that case we expect to formulate 
the M-theory in an Eg g covariant manner by the introduction of twenty one extra coor- 
dinates (corresponding to 15 membrane wrapping charges and six fivebrane wrapping 
charges). Then upon dimensionally reducing to the 0(5, 5) T-duality invariant DFT we 
would have seventeen internal directions. Under 0(5, 5) we have the decompostition 
27 — > 10 + 16 + 1. Thus, in this case one would again expect to find a KK gauge field 
with a vector and spinor index of 0(5,5) but also some extra £1(1) vector fields due to 
the singlet in the decomposition. The interpretation of these, and how they relate to the 
considerations of [25] will be of interest. It will also be important to clarify how the exotic 
local gauge symmetry of DFT acts on these fields (a result that of course should be obtain- 
able from a knowledge of the correct gauge symmetry of duality invariant M-theory). 

Should this result hold true in general, one consequence is that the forms of both 
the field C and the spinorial metric Q will vary according to the dimensionality; this is 
in contrast to TL which takes the same form regardless of dimension. We do not rule 
out the possibility that there may be an alternative, and more universal, formulation that 
makes use of 7i alone but this certainly seems rather unnatural given perspective gained 
from these M-theoretic considerations. The development of a general treatment of RR 
fields in the DFT and indeed the incorporation of supersymmetry (which is likely to be 
rather exotic given the novel gauge symmetry of DFT), remains an area ripe for further 
exploration. 

To develop this approach to the incorporation of RR into the double field theory it 
will be necessary to understand the construction of the internal metrics Q a \, for general 
dimension 0{d,d) groups. Actually, beyond just developing the DFT, this would help 
inform the construction of duality invariant M-theory for larger duality groups. By the 
KK ansatz the correct form of the generalised metric for the M-theory would be readily 




(4.36) 
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apparent. Assuming that the four terms in the M-theory potential remain the same it 
would then be a simple matter of fixing four coefficients. 

A rather awkward feature that made that obscures the relation between the DFT and 
the generalised M-theory was the treatment of time. It would be desirable to form a more 
covariant version of the generalised M-theory in which time is also in some sense dou- 
bled. Furthermore, as we have seen the dimensional dependence of the dilaton terms 
means that the dimensional reduction is not exactly the DFT. This would be remedied by 
a treatment that includes all dimensions in the M-theory. The ultimately and lofty goal, 
would be to build an M-theory that exhibits the maximium duality group! 

Finally we remark that there are two (somewhat related) areas where the duality in- 
variant M-theory remains not completely understood: providing a generalisation of the 
section condition in a duality covariant way and understanding the gauge symmetries of 
the theory. One hope is that these might be reverse engineered as lifting of the equivalent 
constraint and gauge symmetry of the double field theory. 
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Note Added 

After this work appeared as a preprint the following relevant papers appeared on the 
arXiv: [42-44]. 

A A note on antisymmetric indicies 

We need the notion of inversion of a matrix whose components cary antisymmetric in- 
dices. To define the inverse we first establish the that the correct identity operator is given 



by 




(A.1) 



which has the properties that 




i: 



ab 

■tf> 




'lib 



(A.2) 



when acting on an antisymmetric 



T . Also the trace is given by 




(A.3) 
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correctly counting the dimension of the space of antisymmetric indices. With this defini- 
tion the metric 

h ab,cd = 1 ^ h ac h bd _ h ad h bc^ (A 4) 

has inverse 

1 

Kb,cd = 2 \hachd ~ hadhc) (A.5) 

properly normalised so that 

h ai ' cd h cd/ef = lf f . (A.6) 

B Curvature formulae 

To establish a sign convention we define the Ricci curvature as 

R ab = AKb - W c + r ab i d cd - r ad T( c . (b.i) 

A useful formula is that for the metric ansatz 

C^( S <<; 7 ), (B.2) 

the Ricci scalar is given by 

R[G] = R[h] — 2(dy) 2 — 2V 2 7 . (B.3) 
Under a conformal rescaling hy = e 2w hjj we have the following useful identities 
V72^k _ „-2co 



V^O = e- IW [V l <$> + (d - 2)9 i o;a , Oj , (B.4) 
R[h] = e - 2co (R[h] - 2(d - l)V 2 co -(d-l)(d- 2)diCod i w) . (B.5) 
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